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—— Abstract
The Multi-Skill Project Scheduling Problem (MSPSP) is a variant of the paradigmatic Resource-
Constrained Project Scheduling Problem (RCPSP). In the RCPSP the goal is to find a start time for
each one of the activities (schedule) of a project such that the makespan is minimised. The schedule
must satisfy a set of constrains on resources and precedences. MSPSP extends the RCPSP since in
the MSPSP the activities do not directly ask for resources but they ask for skills. These skills are
supplied by renewable resources, and every resource is specialized to master a subset of the skills.
Logic-based approaches have shown to be state-of-the-art for solving many scheduling problems. In
this work we propose a MaxSAT and a pseudo-Boolean Constraints encoding for MSPSP.
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1 Introduction

The Resource-Constrained Project Scheduling Problem (RCPSP) [2] is a fundamental schedul-
ing challenge that serves as a model for a wide range of industrial applications. Due to its
broad applicability, it has been extensively studied and continues to attract attention today.
In the RCPSP, a set of non-preemptive activities must be scheduled (i.e., setting their start
times) while adhering to both precedence and resource constraints. Precedence constraints
ensure that certain activities cannot begin until others have been completed, while resource
constraints prevent the total resource usage at any given time from exceeding the available
supply. The primary objective is typically to minimize the total duration of the project, also
known as the makespan. There exist many variants of this problem, we refer the reader
to [10] for a complete survey on different variations and extensions of the RCPSP.

Among these variants is the Multi-Skill Project Scheduling Problem (MSPSP), a general-
ization of the RCPSP. In the MSPSP, activities require specific skills rather than resources
directly. These skills are provided by renewable resources, each of which is specialized in a
subset of the available skills. For example, resources may represent workers, and the skills
correspond to their individual abilities. The resource constraints state that one resource can
only work at one skill of one activity at a time, and that a resource can only supply skills
that it masters. The resources are unary, i.e., they can only supply one unit of skill at a time,
but the activities may require many units of each skill. Also, the set of resources that an
activity is using cannot change at any moment of execution, i.e., the resource usage of the
activities is also non-preemptive.

It was argued in [3] that an instance of MSPSP can be reformulated as an instance of the
Multi-Mode Resource-Constrained Project Scheduling Problem (a related variant within the
RCPSP family) by representing different combinations of resource assignments to an activity
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MaxSAT and PB for the MSPSP

as distinct execution modes. However, this transformation leads to a combinatorial explosion
as determining whether there exists a combination of modes that satisfies the non-renewable
resource constraint, which the Multi-mode variant also considers, is already NP-hard. As a
result, the MSPSP is strongly NP-hard [3].

Several MILP models have been proposed for MSPSP [3, 8], with time-indexed for-
mulations showing particularly strong performance. In these models, a set of cumulative
cuts—analogous to the renewable resource constraints in the RCPSP—were introduced, sig-
nificantly accelerating the solving process. Later, [13] developed a constraint programming
(CP) model combined with a tailored search strategy, solved using a Lazy Clause Generation
(LCG) solver. In their approach, the cumulative cuts are also exploited, interpreted in the
CP context as implied or redundant constraints that enhance propagation.

There exist several works showing the convenience of using logic-based methods to solve
scheduling problems and in particular RCPSP and variants. In these works the models are
SAT modulo theories models (SMT): in [7], precedence and resource constraints were encoded
numerically using Linear Integer Arithmetic theory, then in [4] it was shown that encoding
resource constraints (that are basically pseudo-Boolean constraints) directly into SAT was a
better choice and in [5, 6] further sophisticated encodings to SAT of those pseudo-Boolean
Constraints provided an even better performance. Notice that these last models only delegate
precedence constraints to the difference logic theory, while the rest of the problem is fully
encoded into SAT. The optimization process in the last works was delegated to iterative
Satisfiability checks for tighter upper bounds.

In this work we propose to solve the MSPSP directly with a MaxSAT encoding and with
a pseudo-Boolean encoding. This way we try to answer the following question: are current
pseudo-Boolean solvers appropriate tools to solve scheduling problems, in particular MSPSP,
where there occur plenty of pseudo-Boolean constraints or is it better to encode them into
SAT?

We hope this work further stimulates the upcoming research of the PhD thesis that will
revolve in the use of logic-based tools for scheduling. These tools will be used as black-boxes
for a model-and-solve approach and as cristal-boxes where we aim at tunning them to be
better suited for the problem at hand via specialized propagators or heuristics.

2 The MSPSP

The Multi-Skill Project Scheduling Problem (MSPSP) is defined by a tuple (V,p, E, R, L, m,b)
where:

V = {Ap, A1, ..., An, Apni1} is a set of activities. Activities Ay and A, 41 are dummy
activities that represent, by convention, the start and the end of the schedule, respectively.
The set of non-dummy activities is defined by A = {Ay, ..., A, }.

p € N"*2 is a vector of naturals, with p; being the duration of activity A;. For the
dummy activities, pg = pp+1 = 0, and p; > 0,VA; € A.

E is a set of pairs of activities representing the precedence relations between them.
Concretely, (A;, A;) € E iff the execution of activity A; must precede that of activity
Aj, ie., activity A; must start after activity A; has finished. We assume that we are
given a precedence activity-on-node graph G = (V, E) that contains no cycles, that Ag is
a predecessor of all other activities and A, is a successor of all other activities.

R ={Ri,...,R,} is a set of unary renewable resources.

L={Ly,..., L} is a set of skills.
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W. Quito et al.

m € B"*? is a Boolean matrix, with my; being the true iff resource Rj masters the skill
Ll-

b € N(+2)xs ig o matrix of naturals, where b;; represents the number of resources
mastering skill L; that activity A; requires during its execution. The start and end
dummy activities do not require skills, i.e., bg; = bp+1,; = 0 for any skill L;.

In this context, a solution of the MSPSP is a schedule and a resource assignment
minizing the total makespan. A schedule S is defined as a vector of natural numbers
S =(S0,51,-.-,5n,Sns+1), where each S; represents the start time of activity A4;. The start
time of the dummy initial activity is set to Sy = 0, and the start time of the dummy last
activity S, ;1 must be minimized. A resource assignment RA € B("+2)xv%s ig defined as a
matrix of three dimensions of Booleans, where RA; i ; is true iff activity A; uses resource Ry,
to perform skill L;.

Hence, MSPSP can be stated as follows.
Minimise:
Sn+1

subject to the following constraints:

Precedence contraints state that, for any (A4;, A;) € E, activity A; can not start until A4,
has finished:

SJ—SZZPZ V(AZ,AJ)GE

A resource cannot perform a skill that it does not master:

Mg, — ﬁRAiykJ VA; € A, VR € R, VL, € L

Each activity must have the required number of resources covering each of the skills:

Z RA; kg =iy VA; € AVL € L
RrLER

A resource can only work at one skill of one activity at a time:

Z Z ite((Si <t<S; —&—pi);RAi’k,l;O) <1 VR, € RVte H
L,eL A;eA

By ite we denote the if then else construction that returns the second parameter in case
of the first parameter being true and returns the third parameter otherwise.

3 MaxSAT and pseudo-Boolean Encodings for MSPSP

Handling renewable resource limits in the RCPSP is one of the hardest parts of the problem
and has been widely studied. In [12], several main ways to model this are explained. The
Task approach checks how much of each resource is used when each activity starts. A similar
method, called the Fvent approach, looks at specific time points when activities can begin. It
schedules these moments, assigns activities to them, and then checks that the resource limits
are not exceeded at any of them. Another method, the Flow approach, works as a network
where once an activity ends, the resources it is using are passed on to other activities that
need them.

XX:3
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MaxSAT and PB for the MSPSP

In this work we focus on time-indexed models, commonly known as the Time approach
[11], which have shown to provide good performance when solving the different benchmark
instances available in the literature. This approach consists in discretising the scheduling
horizon H (the period of time in which the schedule will take place) into unit intervals from
0 to an upper bound UB, i.e. H={0,1,...,UB}. The upper bound must be large enough
so that the optimal solution (if any) will have a makespan not greater than UB. It must
be ensured that the capacity of a resource is not exceeded at any of the time instants in H.
A usual way of achiving this purpuse is to introduce auxiliary 0/1 variable per each time
interval.

We introduce the following two precomputed sets that we use to define the encodings.

R(A;) | This is the subset of resources that master at least one of the skills demanded by
activity A;
L(A;) | This is the subset of skills that activity A; demand, i.e. the skills L; such that b; ; > 0.

In both (MaxSAT and pseudo-Boolean) encodings, we use the following sets of (pseudo)
Boolean variables:

Sit True iff A; has already started at time t. VA, € A, Vt € H
Tt True iff activity A; is running at time t. VA, € A, and Vt € H
ari i True iff activity A; uses resource Ry. YA; € A, and VRy, € R(A;)

arsik, | True iff activity A; uses resource Ry for skill L;. VYA; € A, VR, € R(A4;), and
VL; € L(A;) such that my,, i.e. such that resource R, masters skill L;

art; ks | True iff activity A; uses resource Ry at time t. VA; € A, VR, € R(A;), and Vt € H

Using these sets and variables, we can now define our SAT-based encodings for both
MaxSAT and pseudo-Boolean (PB). For each constraint and for the objective function,
we first present the MaxSAT formulation, followed by its pseudo—Boolean equivalent. For
the sake of a clearer presentation, we provide some constraints for the MaxSAT and PB
encodings using higher level syntax than clauses or PB constraints respectively. Later, in
Subsections 3.1 and 3.2, we explain how these constraints are converted to clauses and PB
constraints.

Initial dummy activity

Constraints (1) and (2) ensure that the initial dummy activity starts at time 0.

50,0 (1)
8070 Z 1 (2)

Activity continuity

Constraints (3) and (4) state that if an activity has started at time ¢, it has also started at
time ti+1.

St VoSt VA; €e AVte H (3)
=8¢+ Sipe1 > 1 VA, € AVte H (4)

We must handle the case where the temporal indexing goes out of the valid time range,
i.e., when t ¢ {0,...,UB} for variables s;;. Variables with time indices that overflow to
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the right (i.e., t > UB) are trivially true, while those that overflow to the left as in (5) (i.e.,
t < 0) are trivially false.

Precedences

Constraints (5) and (6) define the precedences between activities.

TSt v Sit—p; V(A“AJ) € E,Vt eH (5)
S sii— Y sz V(A1 A)) € E (6)
VteH VteH

Execution definition

Constraints (7) and (8) state that an activity A; is running at time ¢ iff it has already started
at time ¢ and had not started at ¢t — p;.
Tip <> Sit N\ S5t p, VA, € AVte H (7)
Tit > Sip+ TSip—p, = 2 VA, € AVte H (8)

Resource assigned to activity

Constraints (9) and (10) ensure that a resource Ry, is assigned to an activity A; iff Ry supplies
some skill L; to A;.

ar; i <> \/ ars; j| VA; € A,VR;, € R(4;) (9)

L],GL(Ai)
Mk,

ar; i <> Z ars; kg > 1 VA; € A,VR;, € R(4;) (10)

LLEL(Ai)
Mk,

Resource assigned to activity at specific time

Constraints (11) and (12) capture that a resource Ry is considered to be working on activity
A; at time t precisely when A; is running at ¢ and Ry has been assigned to it.

arti go <> Tig A ar;k VA; € A, VR, € R(A;),Vt € H (11)
artz-ym Tyt + ar; k >2 VAZ c A7 VR € R(AZ), Vte H (12)

Skill coverage requirement

Constraints (13) and (14) ensure that each activity has enough resources to cover each of its
required skills.

ALK (arsik;,big) A € A, VL € L(4;) (13)
Rk € R,
s.t. 1 Mg
> arsigg > biy A; € A, VL € L(A;) (14)
Ry € R,

s.t.: mp

XX:5
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MaxSAT and PB for the MSPSP

By ALK (list,bound) we refer to the at least k constraint requiring at least bound-many
values of list to be true.

At most one skill per resource per activity

Constraints (15) and (16) state that a resource can contribute with at most one skill in one
activity.

AMO  arsipy VA; € A,VRy € R(4;) (15)
Ll (S L(A,;)7
s.t.: Mg

> arsig <1 VA; € A,VR; € R(A;) (16)

L; € L(A,,),
s.t.: mp

By AMO(list) we refer to the at most one constraint requiring that at most one value of
list is true.

Resource capacity per time step

Constraints (17) and (18) ensure that a resource does not contribute to more than one
activity at a time.

AMO  art; k. VR, € RVt € H (17)
A, €A, sit.:
teH,
Ry, € R(A;)
> artige <1 VR, € RVt € H (18)

A, €A, st.:
t e H,
Ry € R(A;)

Objective function

For both the MaxSAT and pseudo—Boolean encodings, the objective function is conceptually
the same but expressed differently.

Finding an optimal solution for MaxSAT, consists in finding an assignment that maximizes
the number satisfied soft clauses (or, equivalently, minimizes the number of the unsatisfied
soft clauses), while satisfying all hard clauses. In the MaxSAT encoding, all constraints given
so far will be hard clauses and we introduce soft clauses (sp41.¢, 1) for the dummy activity
A, 41 at each time point ¢ € H, aiming for the solver to satisfy as many of these clauses as
possible.

In contrast, the PB encoding aims to minimize the sum of negated pseudo variables
—8p41,+ for the dummy activity 4,41 at each time point ¢ € H, which is equivalent to
maximizing the number of time points ¢ for which s;,,41+ holds true.

(Snt1,t5 1) Vte H (19)

minimizing E 41t (20)
vte H
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3.1 Clausal form of the MaxSAT encoding

Notice also that most of the constraint stated in Section 3 are naturally encoded into clauses,
but some of them need a reification process, such as constraints (8), (10), and more. Other
constraints are naturally cardinality constraints, such as (13), that we will encode to SAT
using the sorting network based encoding from [1]. Constraints (15) and (17) are At Most
One constraints (AMO), that we will encode into SAT using pairwise mutual exclusions
between variables, i.e. clauses of the form —z V —y for any pair of variables in the AMO
constraint.

3.2 PB form for the pseudo—Boolean Encoding

In the MSPSP formulation, many of the PB constraints arise naturally. However, for
constraints (8), (10), and (12), it becomes necessary to introduce fresh variables. Specifically,
we require the ability to define a fresh Boolean variable y to represent the reification of a
constraint like ). a;l; > A, meaning that y is true iff the constraint holds. This is expressed
as:

Y Z aili > A
i
For a detailed explanation of the reification process in the context of pseudo-Boolean solving,
we refer the reader to [9].

4 Further work

We aim at conduct an empirical evaluation [13] of the proposed encodings with state-of-the-
art benchmarks of the MSPSP and also using state-of-the-art solvers for MaxSAT and for
pseudo-Booleans. This evaluation could serve to identify wether current pseudo-Boolean
solvers not based on encodings to SAT are well-suited for this kind of problems. If the results
do not provide any clear evidence we aim at generating instances with extreme properties
such as large durations, larger amount of skill demands, large or small amount of precedences,
etc. and explore the relative effect is both approaches. We hope that this information allows
us to identify weaknesses and strengths of both solving technologies.
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